Existing experiments show that a sufficiently fat toroidal drop freely suspended in another liquid shrinks towards its centre to form a spherical drop. However, recent simulations reveal that if a liquid torus with circular cross section is embedded in a compressional same-viscosity flow that acts to expand the torus, then depending on the torus radius R and a capillary number Ca characterizing the balance between the viscous forces and the interfacial tension, the torus may either coalesce, expand indefinitely or attain a stationary shape. For each Ca less than 0.2, there is a single value of R, called the critical radius, for which the torus attains the stationary shape. Here, the drop-to-ambient fluid viscosity ratio, λ, is assumed to be arbitrary. The corresponding two-phase Stokes flow problem is solved for a liquid toroidal drop with circular cross section in terms of stream functions in the toroidal coordinates. When λ = 1, the stream functions admit a closed-form integral representation for a drop of arbitrary axisymmetric shape. 'Stationary' circular tori minimize a certain measure of the normal velocity over the interface, and as in the case of λ = 1, their radii are expected to predict the critical ones for arbitrary λ and Ca in a certain range (e.g. for Ca < 0.2 when λ = 1). Streamlines about 'stationary' circular tori are analysed for various Ca and λ.
Introduction
The problem of deformation and breakup of a liquid toroidal drop freely suspended in another liquid arises in a number of processes including but not limited to formation of drops in rotating fluids [1, 2] , free fall of large drops in immiscible fluids [3, 4] , deformation of drops after impact with a solid surface [5] , drop sedimentation [6, 7] , deformation of drops subjected to electric and magnetic fields [8] [9] [10] , etc. For a detailed discussion of these and other relevant processes along with corresponding applications, in particular in microfluidics [11] , see [12] . Figure 1 shows a toroidal drop with circular cross section in the cylindrical coordinates (r, ϕ, z): the drop is centred at the origin and its axis of revolution coincides with the z-axis. The distance from the origin to the centre of the cross section in the meridional rz-half plane is called torus' major radius, R, whereas the radius of the cross section is called torus' minor radius, a. The volume of the drop is assumed to be that of a sphere with radius ς , i.e. 4πς 3 /3, which implies that R and a are related by a = ς 3/2 2/(3π R). Observe that a ≤ R, and, consequently, the smallest R is R 0 = (3π/2) −1/3 ≈ 0.5965, which corresponds to a closed torus (with no opening). The cases of a/R 1 and non-small a/R correspond to thin and fat tori, respectively.
The experiments of Pairam & Fernández-Nieves [2] demonstrated that sufficiently fat toroidal drops freely suspended in a quiescent ambient fluid shrink towards their centres to form spherical drops; see [13, 14] for theoretical and simulation aspects of this phenomenon, respectively. However, if a toroidal drop is embedded in a viscous compressional flow u ∞ = G(x i + y j − 2z k), (1.1) where (x, y, z) is the Cartesian coordinate system with the basis (i, j, k) and G > 0 is the shear rate, then the flow acts to expand the drop (figure 1a), and the balance of the viscous flow strength and interfacial tension γ is characterized by the capillary number Ca = μ − Gς/γ with μ − being the flow viscosity. 1 The theoretical work of Zabarankin et al. [12] showed that when the toroidal drop and compressional flow have equal viscosities and the drop's initial cross section in the meridional rz-half plane is a circle with major radius R as shown in figure 1b, then for each capillary number Ca, there is a critical radius R cr such that the drop collapses towards its centre if R < R cr , expands indefinitely if R > R cr , and attains a stationary toroidal shape when R = R cr . Deformation of the toroidal drop was analysed via quasi-stationary simulation of drop dynamics under the assumptions that the both phases were viscous incompressible fluids with the same viscosity and that inertia was negligible, i.e. under the Stokes (creeping flow) approximation. In such a simulation, a drop freely suspended in another liquid satisfies the velocity and stress boundary conditions, and its shape is advanced by using the normal velocity of the interface as a shape gradient (see [12, [15] [16] [17] ). The simulation stops once the normal velocity becomes zero (less 1 30000 . When λ = 1 as in [12] , the velocity field that satisfies the Stokes equations in and out the drop and the velocity and stress boundary conditions admits a closed-form integral representation [15] [16] [17] , whereas for arbitrary λ, it should be found numerically either from boundary-integral equations [15, 17] or by finiteelement methods (FEMs), which slow down the quasi-stationary simulation of drop dynamics and degrade the accuracy of shape updates. This work finds 'stationary' circular tori for various Ca and λ and analyses difference in the geometry of corresponding streamlines. 3 It is expected that as in [12] , the radius of 'stationary' circular tori would predict the critical radius R cr for the stationary toroids for arbitrary λ-this would facilitate finding exact values of R cr for various λ.
The contribution and organization of this work are as follows. Section 2 formulates the twophase Stokes flow problem in terms of non-Stokes stream functions. In the case of λ = 1, it represents the stream functions satisfying the velocity and stress boundary conditions for an arbitrary axisymmetric shape in a closed form. In §3, the stream functions are expanded into Fourier series in the toroidal coordinates, and the reformulated velocity and stress boundary conditions yield a system of two second-order, one forth-order and one sixth-order difference equations for the series coefficients. The system has a closed-form solution for λ = 1 and admits simplifications in the cases of λ = 0 and λ → ∞, which are presented in appendix B. Section 4 finds 'stationary' circular tori by minimizing a certain measure of the normal velocity over the interface with respect to R for given Ca and λ. Section 5 discusses streamlines about 'stationary' circular tori for various Ca and λ. Section 6 concludes the work. Appendix A reformulates the stress boundary conditions in a form advantageous for a stream-function approach.
Problem formulation
Suppose a liquid drop having volume 4πς 3 /3 (of a sphere with radius ς ) is freely suspended in an unbounded fluid, and suppose the drop and the ambient fluid occupy regions D + and D − , respectively, with common boundary S, so that D + ∪ D − = R 3 . The liquids in D ± are assumed to be viscous and incompressible with corresponding viscosities μ ± . Let λ = μ + /μ − . Without the drop, the fluid occupying R 3 is subject to a viscous compressional flow (1.1).
Let p ± and u ± be the actual pressure and the disturbance of the velocity field u ∞ in D ± , respectively. Under the assumption of negligible inertial, gravitational and thermal effects, the steady-state fluid flow in D ± is governed by the Stokes (creeping flow) equations with u ≡ grad div u − curl curl u. The velocity disturbance is continuous across the surface S and, along with the pressure, it vanishes at infinity
A force balance across the interface yields the boundary conditions for the stress
3)
where the stress vectors P ± n are determined by 4) and where −γ n div n is the interfacial tension with constant γ and surface curvature div n.
The drop is at steady state when the interface has zero normal velocity, i.e. 5) which is called the kinematic condition. Thus, the two-phase Stokes flow problem is to find the velocity field disturbances u ± , pressure fields p ± and a stationary shape S that together satisfy the Stokes equations (2.1), the velocity and stress boundary conditions (2.2)-(2.4) and the kinematic condition (2.5)-five scalar conditions. The problem is nonlinear with respect to the shape and has at least two solution branches: stable stationary spheroidal-like shapes and unstable stationary toroidal shapes. While the first branch was studied for arbitrary λ [17] , the second only for λ = 1 [12] . In both cases, the problem was solved iteratively: assume some initial shape (unit sphere or torus), find u ± from a boundaryintegral equation, e.g. in [15] , and then update the shape by using the normal velocity u n as a shape gradient. For λ = 1, u ± and p ± admit closed-form integral representations, and the whole procedure simplifies considerably, see, e.g., algorithm 1 in [16] . However, there are always issues with procedure convergence, running time and solution accuracy, particularly for toroidal shapes.
In fact, the velocity field can be found from any four out of five scalar conditions, and the remaining fifth condition can be used for determining the stationary shape. If the goal is finding an exact stationary shape, then the solution should not depend on the way the five conditions are split. However, if the drop is assumed to have shape from some family of shapes (e.g. spheroids, spindles, tori, etc.) with few free parameters, the corresponding solution is unlikely to satisfy all the five conditions exactly and will depend on the choice of the split. In this case, there are two main approaches: (i) satisfy the velocity and stress boundary conditions and use the kinematic condition for finding an approximate stationary shape and (ii) interchange the roles of the kinematic condition and the normal stress boundary condition in (i). Both approaches aim to determine u ± from the corresponding four conditions analytically and reduce stationary shape determination to finding few free shape parameters. Although they yield only approximate solutions, they are free of the issues of convergence and stability associated with finding exact stationary shapes and are quite efficient computationally (see [12, 16, 17] ).
The first approach agrees with quasi-stationary simulations of drop dynamics, and its solutions can be readily checked against the aforementioned closed-form integral representations for the velocity field for λ = 1. It was used for analysing deformations of spheroidal drops embedded in extensional/compressional flows and/or subjected to a uniform electric field [16] [17] [18] . However, for shapes described in bi-spherical and toroidal coordinates (i.e. for spindle, two-spheres, lens and torus), satisfying all the velocity and stress boundary conditions in this two-phase Stokes flow problem analytically is a well-known challenge. For example, in [19] , the problem of deformation of an incompressible elastic medium with a toroidal inclusion/cavity, which is mathematically similar to the said problem, is reduced to a 12th-order difference equation for the coefficients in the series representing the displacement field. This is in sharp contrast with the axisymmetric one-phase Stokes flow problem for solid spindle, two-spheres, lens and torus, for which stream functions admit closed-form solutions 4 [20] [21] [22] [23] [24] [25] [26] [27] [28] . 5 The second approach is less complex, because the kinematic condition is considerably simpler than the normal stress boundary condition and does not involve pressure. It was used for solving the two-phase Stokes flow problems for two liquid spheres and liquid spindle embedded in another fluid and subjected to a uniform electric field [30, 31] . However, because it does not satisfy the normal stress boundary condition, it has two disadvantages: (i) it cannot be checked against the closed-form integral solutions for λ = 1 and (ii) it does not conform to quasi-stationary simulations of drop dynamics. As a result of (ii), this approach is not expected to predict the dependence of R cr on Ca. Here, the first approach is used for finding 'stationary' toroidal drops with circular cross section for arbitrary λ.
Further, the linear dimensions x, y and z, the velocity fields u ∞ and u ∞ + u ± , and the pressure and stress fields are rescaled with ς , Gς and μ − G, respectively, and in the dimensionless form, equations (2.1)-(2.5) involve only two parameters: the viscosity ratio λ and the capillary number Ca = μ − Gς/γ that characterizes the balance between the strength of the ambient viscous flow and the interfacial tension. The definitions of λ and Ca imply that for a finite non-zero Ca, λ = 0 corresponds to μ + = 0 and μ − = 0, i.e. to the case of an inviscid drop in an ambient viscous flow. However, with finite G and γ = 0, λ → ∞ implies that Ca is non-zero only if μ − = 0, so that μ + → ∞, which corresponds to the case of a solid drop in an ambient viscous flow. Nevertheless, as λ → ∞, λ(u ∞ + u + ) remains bounded and non-vanishing and is used in place of u ∞ + u + to find the limiting streamline geometry inside the drop for various Ca (rescaling of u ∞ + u + does not affect streamlines). In the case of μ − = 0 and μ + = 0, which corresponds to a viscous drop in an inviscid ambient flow, a stationary drop can assume only spherical shape, 6 and the only 'stationary' circular torus is a closed torus (closest to sphere). Suppose the drop has the axis of revolution coinciding with the z-axis and is centred at the origin (figure 1). In this case, the problem (2.1)-(2.6) is axisymmetric, i.e. the velocity disturbance and pressure are independent of the angular coordinate ϕ
and the components u ∞ r , u ∞ z , u ± r and u ± z can be represented in terms of non-Stokes stream functions Ψ ∞ = rz and Ψ ± = Ψ ± (r, z), respectively, by
where ' * ' is used in place of '∞,' '+' and '−.' The functions Ψ ± and Ψ ∞ satisfy the incompressibility equation identically, i.e. div u ± ≡ 0 in D ± , and the first equation in (2.1) implies 4 In this case, the pressure can be found in closed form through Hilbert formulae for r-analytic functions, see [20] [21] [22] . 5 A general representation of the Stokes stream function in the toroidal coordinates is given by (2.58) in [29] , where {cos νη, cos νη} should be {cos νη, sin νη}. 6 In this case, u = u + + u ∞ satisfies the Stokes equations in D + and P
Then, the kinematic condition u · n = 0 on S yields u · P + n = −u · n(p − + γ div n) = 0 on S, which for the Stokes flow implies that u and p + are constant in D + [32] , and it follows from P + n + p − n = −γ n div n on S that div n is constant on S, which can hold only for a sphere. [32] .
Let D ± and be the cross sections of D ± and S, respectively, in the meridional rz-half plane (r ≥ 0), and let the curve be parametrized in terms of its length s, which increases in the anticlockwise direction of : r = r(s) and z = z(s). The stream functions Ψ ± can be represented with two one-harmonic functions Φ 8) and the dimensionless pressure p ± and vorticity ω ± = e ϕ · curl u ± = 1 Ψ ± , related by −curl(ω − e ϕ ) = grad p − and −λ curl(ω + e ϕ ) = grad p + , take the form
where C is an arbitrary constant. Appendix A shows that the boundary conditions (2.2) and (2.3) can be reformulated in the form
where ∂/∂n and ∂/∂s are the directional derivatives along the outward normal unit vector n and along the tangential unit vector s = [n × e ϕ ], respectively, i.e. tangential and normal derivatives, and z s and r ss are the first and second ordinary derivates of r = r(s) and z = z(s), respectively. In terms of Ψ ± , the kinematic condition (2.5) takes the form
The two-phase Stokes flow problem is solved in two steps: finding the stream functions Ψ ± in the form (2.8) that satisfy the boundary conditions (2.10) and then determining stationary shape from (2.11).
(b) The case of equal viscosities
When the drop and the ambient fluid have equal viscosities, i.e. μ + = μ − = μ (λ = 1), the boundary conditions (2.10) simplify to
Suppose that the interface S is smooth. Then, let ( , ζ ) = ( (s), ζ (s)) be the anticlockwise parametrization of in terms of its length s in the rz-plane, and let p j (s) = Φ implies that in the rz-half plane with ϕ = 0, the harmonic functions Φ ± 1 (r, z) cos ϕ and Φ ± 2 (r, z) cos ϕ can be represented by
where j = 1, 2, s(r, z) is such that ( (s), ζ (s)) = (r, z) ∈ , r = e r + ζ e z , r 0 = r i + z k, n = ζ s e r − s e z is the unit vector normal to , I {(r,z)∈ } is the indicator function equal to 1 if (r, z) ∈ and to 0 if (r, z) ∈ , and ds is the curve length element. The representations (2.8) and (2.13) and the boundary conditions (2.12) yield
where
Integrating the second term in (2.14) by parts, we obtain
or, equivalently,
1 − κ 2 sin 2 t dt are complete elliptic integrals of the first and second kinds, respectively.
Observe that
has the same order of decay as the function 1 − k 2 when ( , ζ ) → (r, z), so that the kernel in (2.16) has no singularity, 7 and (2.16) holds on and is continuous as ( , 2 , and the same considerations hold. In contrast to similar representations for the velocity field, see, e.g., (3.8) in [16] , (2.15) and (2.16) do not involve second-order derivatives of and ζ , and the kernel in (2.16) is bounded, whereas the one in (3.8) in [16] has a logarithmic-type singularity-indeed, the stream function Ψ , defined as Ψ ∞ + Ψ ± in D ± , and its normal derivative are continuous across , whereas the velocity field is continuous across but its normal derivative has a jump across . The condition (2.11) with Ψ ∞ = rz and with Ψ + determined by (2.16) results in a highly nonlinear equation for stationary shapes, i.e. for , which can be solved iteratively, e.g. by algorithm 1 in [16] . 
Stream functions in the toroidal coordinates
with c being a metric parameter. The surfaces of constant ξ form non-intersecting circular tori centred at the origin, whereas surfaces of constant η are spherical bowls-for tori and bowls, the axis of symmetry coincides with the z-axis, see [32, section A.20] for details. Suppose a toroidal drop with circular cross section is centred at the origin of the cylindrical coordinate system and its axis of revolution coincides with the z-axis. In the toroidal coordinates, the drop's surface S is then described by the coordinate surface ξ = t, whose cross section in the meridional rz-half plane is a circle with the centre on the r-axis (figure 2). The torus' major and minor radii are determined by R = c coth t and a = c/ sinh t, respectively, and the interior and exterior of the torus correspond to ξ ∈ (t, ∞) and ξ ∈ [0, t), respectively. If the toroidal drop has the volume of a unit sphere, i.e. 2π 2 Ra 2 = 4π/3, then a, t and c can be expressed in terms of R as of a single free parameter a = 2/(3π R), t = arccosh( 3π/2R 3/2 ) and c = R 2 − 2/(3π R).
In this case, the unit vectors normal and tangent to the drop's surface S are determined by n = cosh t cos η − 1 cosh t − cos η e r + sinh t sin η cosh t − cos η e z and s = − sinh t sin η cosh t − cos η e r + cosh t cos η − 1 cosh t − cos η e z , respectively, and the normal and tangential derivatives on S take the form
The boundary conditions (2.10) imply that Φ ± 1 and Φ ± 2 are even and odd functions of η, respectively, which can be represented in the toroidal coordinates by Fourier series with respect to η:
and Φ
where n−1/2 (cosh ξ ) are the associated Legendre functions of the first and second kinds, respectively (for k = 0, the superscript is omitted). 8 For brevity, let also
With the Fourier series expansions
where the notation 'n = 0, 1' in the first, second and fourth sums means that the term for n = 0 is halved, the boundary conditions (2.10) take the form
The first is bounded at ξ = 0 and is unbounded as ξ → ∞, whereas the second is unbounded when ξ → 0 and is bounded as ξ → ∞. 
with (·) t denoting the derivative with respect to t and
In the case of λ = 1, i.e. when the drop and the ambient fluid have equal viscosities, the stream functions Ψ ± , represented by (2.8) with (3.2), are found from (2.12) in a closed form
Appendix B simplifies the system (3.3) in the cases of λ → 0 and λ → ∞.
Stationary toroidal drops
For arbitrary λ, the stream function Ψ ∞ + Ψ + on takes the form
where f (3, 1) n is defined in §3 and 
only if all series coefficients are zero. However, there is no t for which this is possible. In other words, a toroidal shape with circular cross section cannot satisfy (2.11) identically and, thus, is never stationary. The one close to a stationary state can be found by minimizing either the average absolute value of the normal velocity on
or the average absolute value of Ψ ∞ + Ψ + on :
or the sum of the absolute coefficients in the series (4.1):
with respect to R for fixed Ca and λ. The measures (4.2)-(4.4) are just different kinematic condition errors. For any stationary shape, all of them should be zero, and the closer a shape to a stationary one is, the closer their minimizers are. Figure 3 shows that as a function of R, (4.2) is not convex in general and that for large λ and non-minute Ca, it may potentially attain its minimum at R 0 and at some R > R 0 . Table 1 presents values of R that minimize (4.2) for various Ca and λ. Those values are found by the golden section search, which has the complexity similar to that of the bisection method for finding zeros of monotone functions. Figure 4 shows that three measures (4.2)-(4.4) attain minimums at approximately same values of R for various Ca and λ. However, in contrast to (4.4), measures (4.2) and (4.3) are considerably less sensitive to small deviations of R from corresponding optimal values, which suggests to give preference to the minimizers of (4.4).
Remarkably, for Ca ≤ 0.3 and any λ, minimizer of the error measure (4.4) with respect to R can be found in closed form. Figure 5 shows contour plots of (4.4) as a function of Ca and R for λ = 0.01, 1, 10 and 100. The plots suggest that minimizing E(Ca, R) with respect to R for each Ca (direct optimization problem) and minimizing E(Ca, R) with respect to Ca for each R (inverse optimization problem) result in the same curve that passes through the 'vertices' of the contour lines (dotted curves in figure 5 ), i.e. argmin R E(Ca, R) and argmin Ca E(Ca, R) as functions of Ca and R, respectively, are inverse one of the other. 9 The inverse optimization problem interchanges the roles of parameters, e.g., Ca, and control variables, e.g. R, and is of interest on its own. In this case, it finds such value of Ca that makes a circular torus with given radius R 'stationary.' Its main advantage over the direct optimization problem (finding R for given Ca) is that E(Ca, R) has a simple dependence on Ca, so that under certain conditions, a minimizer of E(Ca, R) with respect to Ca is unique and could be found in closed form. One of such conditions is
(4.5) 9 In general, this is not true. For example, minimizing the function f (x, y) = x 2 − xy + y 2 with respect to x for fixed y and then with respect to y for fixed x yields x = y/2 and y = x/2, respectively. The functions x = y/2 and y = x/2 are not inverse one of the other. 
Figure 6a shows that g(R)
is a decreasing function of R for λ = 0.01, 1, 10 and 100, and table 2 presents R * such that g(R * ) = 1 for various λ. Consequently, (4.5) holds for R > R * . The condition (4.5) is used as follows. For brevity, let α n = g
n − nf
n and τ = 1/Ca, then for any fixed R, i.e.
∞ n=2 |β n | < |β 1 |, then h(τ ) attains its minimum at τ = −α 1 /β 1 . Indeed, for any τ ,
Observe that for τ = −α 1 /β 1 , the inequality in the first line in (4.6) is strict, which implies that τ = −α 1 /β 1 is a unique minimizer. However, if ∞ n=2 |β n | = |β 1 |, i.e. R = R * , the inequality becomes equality, and argmin τ h(τ ) could be an entire segment with one of the endpoints at τ = −α 1 /β 1 . Thus, for any R > R * , the minimizer of (4.4) with respect to Ca is unique and determined by
1 − f The function (4.7) is continuous and decreasing on (R * , ∞). (Its inverse is shown in figure 7 .) Consequently, Ca * = Ca(R * ) is the supremum of Ca(R) on (R * , ∞) (table 2). Figure 6b shows E(Ca(R), R) for λ = 0.01, 1, 10 and 100. Because, on the one hand, R * is quite close to R 0 and Ca * 0.4 for all λ in table 2, and on the other hand, it is known that for λ = 1, 'stationary' circular tori with R close to R 0 are not close to true stationary shapes, and the latter do not exist for Ca > 0.2 (see [12] ), the further analysis focuses on the case of R > R * and Ca < Ca * . Table 2 . Value of R * such that g(R * ) = 1 with g(R) defined in (4.5), and the supremum Ca * of (4.7) on (R * , ∞). 
.7). (a) g(R) and (b) E(Ca(R), R).
The inverse of Ca = Ca(R), determined by (4.7), for λ = 0, 1 and ∞ (dashed, solid and dotted-dashed curves, respectively), and the critical radius R cr versus Ca for λ = 1 (dotted curve) from [12] . Squares, circles and diamonds correspond to minimizers of the error (4.2) for λ = 0, 1 and ∞, respectively. (Online version in colour.) Table 3 . The radius, R, of a 'stationary' circular torus that minimizes the kinematic condition error (4.4) for various Ca and λ-it is the inverse of (4.7) for each fixed λ. Table 3 presents minimizers of E(Ca, R) with respect to R, i.e. argmin R E(Ca, R), for various Ca and λ. They are obtained by the golden section search and coincide with the values of the inverse of (4.7) for all indicated Ca and λ. (Observe that all values of R in table 3 are greater than R * , so that (4.5) holds, and argmin Ca E(Ca, R) is determined by (4.7). However, the conditions R > R * and Ca < Ca * by themselves do not guarantee that argmin Ca E(Ca, R) and argmin R E(Ca, R) are the inverse one of the other.) Figure 7 shows that the inverse of (4.7) is quite close to the minimizers of (4.2) for the whole range of Ca for all λ 10 and that it accurately predicts the critical radius 11 .2) for Ca = Ca(R), determined by (4.7), for λ = 0, 0.5, 1, 2, 10 and 100 (dotted, dashed, solid, dotteddashed, double-dotted-dashed and triple-dot-dashed curves, respectively). Squares, triangles down, circles, triangles up, stars and diamonds correspond to minimums of (4.2) for λ = 0, 0.5, 1, 2, 10 and 100, respectively. (Online version in colour.) Table 4 . Coefficients in (4.8) that approximates the inverse of (4.7) at 48 values, and the corresponding fit error (average of absolute differences) for various λ. close to circular (it is close to circular only for Ca ≤ 0.05 ; see [12] ). Figure 8 depicts values of the error (4.2) for (4.7) as a function of Ca for λ = 0, 0.5, 1, 2, 10 and 100 and shows that they are quite close to the minimums of (4.2): the relative difference ranges from 0.03% to 0.6% for all tested pairs of λ and Ca except (λ, Ca) = (10, 0.25) and (10, 0.3), for which it is 3%. (Figure 4 shows that (4.2) is relatively insensitive to small deviations of R from optimal values.) For various λ, the inverse of (4. For λ = 1, the stream functions Ψ ± are determined explicitly by (3.4) , and (4.7) can be expressed by in table 4 is expected to be a starting point for determining exact values of R cr for various λ, for example, by quasi-stationary simulations of drop dynamics as in [12] . The condition φ ∈ [φ 0 − π/2, φ 0 + π/2] in (ii) prevents the procedure going back to the point found at the pre-preceding step. The second way finds a streamline (r, z) as a solution of the first-order
Streamlines
However, the first way has two advantages: a streamline does not lose accuracy globally, because each point is found independently from its other points (based on the same constant C set in the beginning), and a streamline loop can be plotted in one run.
In this two-phase flow problem, streamline plotting is as follows. It is enough to consider the first quadrant of the rz-plane (r ≥ 0, z ≥ 0). The first step is to find points on the r-axis and z-axis (except the origin) at which u r (r, z) and u z (r, z) vanish. There are two such points in total (the origin is excluded): either both are on the r-axis or one is on the r-axis and the other on the z-axis. These two points are joined by a streamline, which divides the quadrant into interior (bounded) and exterior (unbounded) parts and at which Ψ = 0-let this streamline be denoted by SL 0 . In the interior part (excluding the axes), streamlines correspond to C < 0 and form concentric loops-the one for the minimum C is a point such that u r = 0 and u z = 0. In the exterior part (excluding the axes), streamlines correspond to C > 0: they start from some point with large z-coordinate, round SL 0 , but may go through , and approach the r-axis as r → ∞-the further a streamline from SL 0 , the greater C it corresponds to, and far from SL 0 , it is determined approximately by z = Cr −2 .
If S is a stationary shape, then the kinematic condition (2.11), i.e. Ψ | = 0, implies that the boundary is a streamline with C = 0, i.e. SL 0 . If S has non-zero kinematic condition error, i.e. Ψ > 0 or u n > 0, then it is non-stationary and SL 0 and do not coincide, but the error magnitude does not indicate in advance how close S to a stationary shape S * is. However, the closer SL 0 to , the closer S to S * -a proper quantitative measure of closeness of two curves/surfaces would likely involve not only their coordinates, but also their curvatures. For the sake of simplicity, the closeness of SL 0 to is to be treated qualitatively-if SL 0 and are visually close (indistinguishable), S will be called qualitatively stationary. Because S * is not known, the aim is to analyse how the magnitude of u n is related to the visual closeness of SL 0 to .
(a) Streamlines about 'stationary' circular tori In figures 9-11, the insets show profiles of the normal velocity, u n , on the surface-if allowed to deform, circular cross sections will deform in the direction of u n , which acts as a shape gradient in quasi-stationary drop dynamics simulations. (The profiles should not be confused with the actual deformed cross sections.) In particular, for Ca ≤ 0.16, an originally circular cross section will flatten into ellipse, whereas for Ca ∼ 0.19, it will deform into that of an egg with the sharper end pointing towards the z-axis (see [12] ).
(b) Kinematic condition error and streamline geometry for various λ Zabarankin et al. [12] showed that for λ = 1 and Ca ≤ 0.16, 'stationary' tori with elliptic cross section are visually indistinguishable from the true stationary toroidal shapes. The elliptic cross section of a torus having volume of 4π/3 is parametrized by
where R is the major radius as for circular tori, and a and 2/(3π Ra) are major and minor ellipse's semiaxes, respectively (the ellipse axis ratio is 2/(3π Ra 2 )). For λ = 1, Ψ and (u r , u z ) that satisfy the velocity and stress boundary conditions for an arbitrary axisymmetric shape are determined by (2.16) and by (3.5a)-(3.6b) in [17] , respectively. 'Stationary' elliptic tori minimize either Ψ or u n with respect to R and a. In particular, optimal (R, a, u n ) are (2.2, 0.318882, 0.01076) for Ca = 0.03 and (1.645872, 0.378106, 0.01763) for Ca = 0.05. The streamlines are then found from either (5.1) with (2.16) or (5.2) with (3.5a)-(3.6b) in [17] . Figure 12 shows that for 'stationary' elliptic tori with u n on the scale of 10 −2 (λ = 1), 12 SL 0 coincides visually with , whereas figures 9c,d and 11b show that for 'stationary' circular tori having u n of order 10 −1 (λ = 1), SL 0 is far from . This yields two conclusions: (i) SL 0 is sensitive to the curvature of and (ii) the scale of u n for qualitatively stationary shapes , where R and a are the torus' major radius and ellipse major semi-axis, respectively. λ → ∞. In particular, for λ = 10 and λ = 100, the 'stationary' circular tori have u n on the scales of 10 −2 and 10 −3 , respectively. However, figures 9e-h and 11c show that for λ = 10 and λ = 100 and all chosen Ca, SL 0 is still not sufficiently close to . Consequently, the scale of the error for qualitatively stationary shapes depends on λ, and for λ = 10 and λ = 100, it is smaller than 10 −2 and 10 −3 , respectively. Finally, figures 10 and 11d show that for 'stationary' circular tori for λ → ∞ and all chosen Ca, SL 0 does coincide with . Indeed, the case λ → ∞ corresponds to solid drops (see the end of §3) for which u n = 0.
Thus, the kinematic condition error u n and visual closeness of SL 0 to serve as quantitative and qualitative criteria to determine how close a toroidal drop to a stationary state is. They should be used together, because the scales of the error, for which a shape can be considered qualitatively stationary and stationary, are not known in advance. For example, for λ = 1, those scales are 10 −2 and 10 −4 , respectively; see tables 4 and 5 in [12] . For λ ∈ [0, 100] and Ca ≥ 0.03, the relationship between and SL 0 for the 'stationary' circular tori hints at the existence of corresponding stationary toroids rather than indicates their closeness to the latter. In addition, while the stationary toroids for λ 1 can indeed be more circular than those for λ = 1, the error for qualitatively stationary and stationary shapes is much smaller for larger λ. In other words, a minute value of u n , e.g. on the scale of 10 −4 , cannot prove alone that a found toroidal shape is stationary-it should be substantiated by a corresponding streamline plot.
(c) Critical capillary numbers for 'stationary' circular tori
The quasi-stationary simulations of toroidal drop dynamics in [12] when λ = 1 showed that no stationary toroidal shape exists for Ca ≥ 0.2 and that a critical capillary number Ca cr is in the interval (0.196, 0.2). (Possible deformation patterns of a toroidal drop with initially circular cross section for Ca 0.2 and λ = 1 are summarized in [12, section 5.2] .) However, in contrast to the deformation curves for spheroidal drops, embedded in a linear flow and/or subjected to uniform electric field, that define the axes ratio of 'stationary' spheroids [16] [17] [18] , the curves R(Ca) in figure 7 do not indicate existence of Ca cr within (0, 0.3] beyond which 'stationary' circular tori do not exist. The streamlines about 'stationary' circular tori for Ca = 0.2 (figure 11) do not hint either. In fact, Ca cr and its existence depend on a condition that defines 'stationary' circular tori. Figures 9-11 show that the 'stationary' circular tori contain stationary points close to the centres of their cross sections. This suggests that a circular torus can be considered to be 'stationary' when the centre of its cross section is stationary: u r (r, z)| r=R,z=0 = 0. Because the Zabarankin et al. [12] present work 100 l Figure 13 . Critical Ca for 'stationary' circular tori defined as the value of Ca that makes the centre of the cross section of a closed circular torus stationary (solid curve), and the critical Ca for stationary spheroidal-like drops in a compressional flow from [17] (dashed curve). (Online version in colour.) velocity field depends on 1/Ca linearly, it is convenient to solve this condition with respect to Ca for given R. For all λ, such Ca as is a decreasing function of R and attains its maximum Ca at R = R 0 (closed circular torus). Figure 13 shows Ca as a function of λ: for λ ≥ 1, it is close to Ca cr for stationary spheroidal-like drops in a compressional flow [17] (though this closeness is not expected). In particular, for λ = 1, Ca = 0.19832, which, as the true value of Ca cr , belongs to the interval (0.196, 0.2). For arbitrary λ, an interval containing the true value of Ca cr is expected to be found by quasi-stationary simulations of toroidal drop dynamics similarly to that in [12] .
Conclusion
The problem of drop deformation and drop shape control arises in a number of applications ranging from emulsion rheology and oil recovery to microfluidics, bioimaging and efficient drug delivery [34, 35] . It is nonlinear with respect to the drop shape and as a result may have several solutions for the same capillary number Ca and same viscosity ratio λ. In particular, the drop freely suspended in a compressional flow has stationary spheroidal and stationary toroidal shapes. Obtaining and analysing stationary toroidal shapes for arbitrary Ca and λ is still an open issue. This work provides some preliminary insights: (i) the found radius of 'stationary' circular tori is expected to predict the critical radius R cr 13 for toroidal drops having originally circular cross section with major radius R for various Ca and λ, and (ii) the stationary toroidal shapes and corresponding flows in and out the drop are expected to be qualitatively similar to those for λ = 1. In addition, the presented stream function approach with reformulated stressboundary conditions and the inverse optimization problem exchanging the roles of parameters, i.e. Ca, and control variables, i.e. R, can be used for analytically solving axisymmetric two-phase flow problems with interfaces assuming shapes other than toroidal. The next step is to simulate toroidal drop dynamics for various Ca and λ but to retain the assumption on drop axial symmetry to simplify the computational process.
